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We investigate how an equation of state for matter is affected when a gravity is present. For
this purpose, we consider a box of ideal gas in the presence of Newtonian gravity. In addition to
the ordinary thermodynamic quantities, a characteristic variable that represents a weight per unit
area relative to the average pressure is required in order to describe a macroscopic state of the gas.
Although the density and the pressure are not uniform due to the presence of gravity, the ideal gas
law itself is satisfied for the thermodynamic quantities when averaged over the system. Assuming
that the system follows an adiabatic process further, we obtain a new relation between the averaged
pressure and density, which differs from the conventional equation of state for the ideal gas in the
absence of gravity. Applying our results to a small volume in a Newtonian star, however, we find
that the conventional one is reliable for most astrophysical situations when the characteristic scale
is small. On the other hand, gravity effects become significant near the surface of a Newtonian star.
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I. INTRODUCTION
An equation of state (EOS) is a thermodynamic relation describing the state of matter under a given set of physical
conditions. Various EOSs are necessary to describe systems with strong gravity such as the sun, white dwarf stars,
neutron stars [1] and the early universe [2]. EOSs used in these cases are usually obtained assuming the absence of
gravity although gravity is essential in all those systems. In fact, the action of gravity modifies the distribution of
particles. Therefore, an examination of whether or not the EOS will be modified due to the presence of gravity is
interesting.
As a related work, a modification of the relation between the pressure and the volume was studied by Bonnor [3]
for a self-gravitating spherical mass of isothermal ideal gas. It, however, focused mainly on the issue of gravitational
instability, which was recently re-examined by Lombardi and Bertin [4], without imposing any specific shape or
symmetry to the self-gravitating object. Gravitational effects on the EOS for nuclear matter in neutron stars were
also studied in the context of a solitonic Skyrme model [5]. Recently, a clue suggesting a possible modification of the
local EOS due to the effect of gravity was given [6] in the context of the Eddington-inspired Born-Infeld gravity [7].
Gravity theories, such as the Eddington-inspired Born-Infeld gravity and the Palatini f(R) gravity [8–11], were known
to have an inherent deficit, e.g., the so-called surface singularity problem. Namely, a curvature singularity tends to
develop at the surface of polytropic stars. In Ref. [6], the author showed that the problem could be resolved when the
effect of strong gravity (or curvature) on EOS was taken into account. One may ask whether similar effects of gravity
on the EOS should be taken into account even in general relativity and Newtonian gravity. In order to get some hints
about this issue, we consider a box of ideal gas in a constant Newtonian gravity for simplicity. In a different context,
the effect of modifying the theory of gravity can be expressed as an effective change in the EOS [12].
For a static and spherically symmetric Newtonian star of radius R, the mass profile is obtained by integrating the
balance equation
dP (r) = −ρ(r)g(r)dr, (1)
where P (r), ρ(r), and g(r) = GM(r)/r2 = 4πGr−2
∫ r
0
dr′r′2ρ(r′)dr′ are the pressure, the density, and the gravitational
field at r, respectively. Because Eq. (1) is a differential equation for two unknown functions P (r) and ρ(r), we need
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2an additional equation relating the two unknowns, e.g., the so-called EOS. To see how we obtain this relation, let us
assume that the star consists of an ideal gas. For simplicity, let us ignore the effect of gravitation on these gaseous
particles as is the case for most reports in the literature. Then, a thermodynamic state of small enough volume in this
star can be characterized uniquely in terms of the volume V , the number of gaseous particles N , and the temperature
T . The pressure P in the volume becomes, from the ideal gas law,
PV = NkBT, (2)
where kB is the Boltzmann constant. Equation (2) is not appropriate for integrating Eq. (1) until additional constraints
are given relating the three independent thermodynamic variables V , N , and T . Assume that the small volume
contains statistically a sufficient number of particles and does not exchange particles with the environment, i.e.,
δN = 0. We further assume that the volume is adiabatic, i.e., δS = 0. Then, Eq. (2) gives PdV + V dP = NkBdT ,
and the first law of thermodynamics, dU = TdS − PdV , gives dT = −PdV/CV , with the definition of heat capacity,
dU = CV dT . Combining these two equations, one gets(
1 +
NkB
CV
)
PdV + V dP = 0. (3)
Finally, this gives the relation between the pressure and density as
P = Kργ , (4)
where K is an integration constant, γ = (CV + NkB)/CV , and ρ ≡ M/V with M being the total mass of an
infinitesimal volume. For the case of a monatomic gas, γ = 5/3. Equation (4) can be regarded as a local EOS that is
satisfied by P (r) and ρ(r) at each spacetime point. Equation (1) now becomes complete with this additional relation,
Eq. (4), and can be integrated.
II. THERMALLY DISCONNECTED SYSTEM IN CONSTANT GRAVITY
Suppose that gravity’s effect has not been ignored. The presence of a gravitational field actually redistributes the
particles so that the EOS obtained above might be modified accordingly. To address this issue, let us consider a
system of N identical particles with mass µ0 in a box that is small enough relative to the size of the star so that
the gravity does not vary much inside. Let the height and the bottom area of the box be 2L and A, respectively.
We assume that the number of particles is statistically sufficient and that the particles are in thermal equilibrium at
temperature T . Let a constant gravitational field g be acting toward the negative z-direction. The Hamiltonian of a
particle is then given by
H =
1
2
µ0v
2 + µ0gz, −L ≤ z ≤ L, (5)
where the origin of the gravitational potential is set to z = 0. On the whole, the system can be treated as a canonical
ensemble of ideal gas. Parts of the topic dealt with here were studied in Ref. [13], and the relativistic version is given
in Ref. [14]. Theoretical consideration of matter states in the presence of gravity is addressed in Refs. [15–17]. We
follow the notations in Ref. [13] except for the range of z, which was taken to be 0 ≤ z ≤ L. Let us summarize the
results in Ref. [13] briefly. The canonical partition function for N -particles is
logZN = N logZ1 − logN ! , (6)
where the one-particle partition function is
logZ1 ≡ log
[(µ0
h
)3 ∫
V
d3x
∫
d3v e−βH
]
= log
V
(~/(µ0c))3
+
3
2
log
kBT
2πµ0c2
+ log
sinhX
X
. (7)
Here, the volume of the box, V = 2L×A, and the thermal energy of one degree of freedom, kBT , are divided by the
corresponding natural units. The characteristic of gravity relative to kinetic energy is
X ≡
MG
NkBT
=
MgL
NkBT
=
µ0c
2
kBT
×
gL
c2
≥ 0; G ≡ gL, M = Nµ0. (8)
Now, the state of the system is characterized by four parameters: N , V , T , and X . The energy of the system is
U(T,X) ≡ −
[
∂ logZN
∂β
]
V
=
(
5
2
−X coth(X)
)
NkBT. (9)
3This value decreases from U(T, 0) = 32NkBT to U(T,∞) → −∞ monotonically. The entropy S of the system, by
using Stirling’s approximation, is
S
NkB
≡
U
NkBT
+N−1 logZN (X) =
7
2
+ log
V/N
(~/µ0c)3
+
3
2
log
kBT
2πµ0c2
+ log
( sinhX
X
)
−X cothX. (10)
The heat capacity
CV ≡
∂U
∂T
= CV,0 +NkB
(
1−
X2
sinh2X
)
(11)
varies from CV,0 to CV,0+NkB with increasing X , where CV,0 denotes the heat capacity in the absence of the gravity.
For a monatomic gas, CV,0 = 3NkB/2.
A new point, which we would like to address, is that not only the kinetic energy, K = 3NkBT/2, but also the
gravitational potential energy,
Ω = U −K = NkBT (1−X cothX), (12)
contributes to the total energy. Therefore, one may define a heat capacity for constant T , measuring the change of
the gravitational potential energy with respect to an increment in G, as
CT
M
≡
1
M
∂Ω
∂G
=
X
sinh2X
− cothX. (13)
The capacity for gravitational potential energy takes non-positive values to represent the attractive property of gravity
and monotonically decreases from 0 to −1 with increasing X .
The distribution of the particles depends on z because the gravity is pulling down the particles to the bottom of
the box. The local distribution of the particles is described by the number density per unit phase volume d3rd3v at
(~r, ~v) as
n(z, v) =
N
Z1
(µ0
h
)3
e−βH . (14)
Integrating over the velocity, we find that the number density per unit volume at height z is given by
n(z) ≡
∫
d3v n(z, v) =
N
V
X
sinhX
e−βµ0gz . (15)
Evaluating the momentum transfer per unit time and unit area, we find that the pressure is isotropic and is given by
P (z) ≡
∫
vz>0
d3v(2pz)vzn(z, v) =
NkBT
V
X
sinhX
e
−
µ0gz
kBT = n(z)kBT. (16)
From this, we find that the average pressure
P¯ ≡
1
2L
∫ L
−L
P (z)dz =
NkBT
V
(17)
satisfies the same relation as the conventional EOS in Eq. (2) with the replacement P → P¯ . Later in this work, we
use P¯ V in place of NkBT from time to time.
Note that the characteristic X presents the pressure difference as the weight per unit area:
∆P ≡ P (L)− P (−L) = −2XP¯ = −
Mg
A
, (18)
which is nothing but the discrete generalization of the balance equation in Eq. (1). In the limit L → 0, Eq. (18)
reproduces Eq. (1). The gravitational potential in Eq. (12) can also be obtained from Ω ≡
∫
V d
3x(µ0gz)n(z).
Because the system interacts with the gravity, the first law of thermodynamics should include the effects of gravity.
Let us derive the first law starting from the definition of the entropy, S/kB ≡ U/kBT + logZN . Differentiating both
sides, we get
dU = TdS + U
dT
T
− kBT d logZN . (19)
4Differentiating Eq. (7), we can represent d logZN in terms of dβ, dV , and dG. Then, the first law of thermodynamics
becomes
dU = TdS − P¯ dV +Ω(d log G). (20)
An important message in this equation is that the gravitational potential energy contributes to the first law of
thermodynamics.
For an adiabatic system, we find a new EOS that describes the dependence of P¯ both on V and G. From the
definitions of the heat capacity, Eq. (11), and the gravity capacity, Eq. (13), we have dU = CV dT + CT dG =
CV
NkB
(V dP¯ + P¯ dV ) + CTdG, where we use Eq. (17) in the second equality. By using the first law, Eq. (20), for an
isentropic process with dS = 0, we have
CV
NkB
(V dP¯ + P¯ dV ) + G CT (d log G) = −P¯ dV +Ω(d logG).
By using Eqs. (11), (13), (17) and d logG = d log(P¯ V X/M) = dP¯
P¯
+ dVV +
dX
X , we can simplify this equation to
3
2
dP¯
P¯
+
5
2
dV
V
=
(
1−
X2
sinh2X
)
dX
X
. (21)
Equation (21) is integrable to give the new EOS for the gas as
P¯ = K¯(X)ρ¯5/3; K¯ ≡ K
(
XeX coth(X)−1
sinhX
)2/3
. (22)
The dependences of the pressure on ρ¯ ≡ M/V and X appear to be separable. However, this does not imply that
gravity’s contribution is separable from the density contribution because
X =
MG
NkBT
=
MgL
P¯V
=
ρ¯gL
P¯
=
Mg/A
2P¯
(23)
contains not only the gravity but also the thermodynamic parameters,1 where we use Eq. (17) in the second equality.
Therefore, the new EOS for a finite-size system is different from the conventional EOS in Eq. (4) in the presence of a
gravity. To find the average pressure, we need to know X in addition to the density ρ¯. Now, the adiabatic ideal gas is
uniquely characterized when two of the three quantities ρ¯, P¯ and X are identified. Especially, the pressure difference
from the top to the bottom comes from Eq. (18) once X is given.
Let us illustrate the new EOS in several limiting cases. For the case MG ≪ NkBT (i.e., X ≪ 1), we have
P¯ ≈ Kρ¯5/3
(
1 +
1
9
X2 + · · ·
)
; X ≡
G
Kρ¯2/3
.
Notice that the correction in the O(X) does not appear probably because thermodynamic property would be invariant
under a change of gravity’s direction. When one deals with an astrophysical object, one may regard a macroscopic
object as an assembly of many subsystems, each having a small enough height while containing a sufficient number of
particles to be dealt with statistically. As long as this is allowed, X (∝ L) for a given subsystem can be chosen to be
small enough by taking its height to be very small. Therefore, for most cases, taking the L→ 0 limit of the subsystem
is possible. Then, gravity’s effect on the EOS for the subsystem is ignorable. In this sense, the conventional EOS in
Eq. (4) for an adiabatic system is locally reliable even when gravity’s effect has been considered.
When X ≫ 1, on the other hand, the new EOS becomes
P¯ ≈ K3/5
(
2MG
e
)2/5
ρ¯7/5. (24)
This case includes a strong gravity region (X ∝ g). The Newtonian framework holds only when the particles move
much slower than light. If a particle freely falls from the center of the box to the bottom, its velocity approaches
1 The last term is most useful for understanding the physical implication of X. Namely, X denotes the ratio between the weight per unit
area and the average pressure.
5the velocity of light when gL ≈ c2. Therefore, X ≪ µ0c
2/kBT is required to remain in the non-relativistic region.
For low temperature, X is still allowed to be large within the Newtonian regime if kBT < µ0gL ≪ µ0c
2. In this
case, the size effects in the EOS in Eq. (24) will be observable. Explicit examples of this type are matters during the
radiation-dominated period of the universe and in the cores of extremely dense stars [18, 19].
Once we know that the new EOS in Eq. (22) shows a characteristic difference from that of the conventional one,
we can display how to organize the structure of a spherically symmetric star of radius R. We assume that the star
is composed of many small systems, each containing a statistically sufficient number of particles Ni and occupying
the smallest possible volume Vi. We divide the radius into many pieces and label each of them with an integer i.
The outermost slice is labeled by the number 0, and the number increases for inner slices. Now, the radial size of a
system δri = V
1/3
i ≪ R will depend on the number density. As seen in Eq. (22), gravity’s effect on a system’s EOS
is ignorable if
δri ≪ δrc ≡
2kBTi
µ0gi
,
where Ti and gi are the temperature and the gravity at ri, respectively. For a high-temperature system with a weak
gravity, δrc is very large. Physical quantities such as the gravity, the density, and the pressure are almost constant over
the volume Vi. In this case, Eqs. (18) and (22) simply reproduce the balance equation, Eq. (1), and the conventional
EOS, Eq. (4), respectively, in the limit δri → 0. The balance equation can be integrated conventionally.
In the presence of a strong gravity at a low temperature, on the other hand, δrc can be comparable or smaller
than δri. In this case, as seen in Eq. (18), the pressure changes drastically in Vi. When an ordinary polytropic star
is considered, this happens at the surface of the star where the pressure gradient is non-vanishing, ∇P 6= 0, but the
average pressure becomes zero, P¯ → 0. Therefore, around the surface of the star, the EOS in Eq. (22) does not go to
the EOS in Eq. (4). In addition, the pressure change, Eq. (18),
∆Pi = −2XiP¯i (25)
over δri is not infinitesimal, but takes the form of a discrete difference equation over the radial slices, which is a
generalization of Eq. (1). In fact, the thicknesses of the slices experiencing this drastic change in pressure is extremely
thin relative to the radius. To show this, we sum Eq. (25) over i from the star’s surface inward. Consider a slice of
thickness δr0 ≪ R, an average density ρ(R), an average pressure p(R), and a pressure difference ∆P0/P0 = 2X0 ≫ 1.
The number of particles in a volume V0 is given by N0 = ρ(R)/µ0 × V0, which is comparable to Avogadro’s number.
We assume that each small system contains the same number of particles, i.e., Ni = N0. For an ordinary hard star
such as a neutron star or a white dwarf, this condition restricts the thickness δr0 to be of the order of a centimeter,
which is much smaller than their radii. The number density of particles in the volume V1 in the slice just inside of
V0 is increased by ∆n/n¯ = −2X0. This gives n1 ≡ nR−δr0 = (2X0 + 1)n0. Therefore, the number density at the slice
located at r = R− δr0 is increased by the factor 2X0 + 1. Because the number of particles in V1 is the same as that
in V0, the volumes are related by V1 ≡ (δr1)
3 = V0/(2X0+1). With this choice of volume, the value of X1 ≡ XR−δr0
is decreased to
X1 ≈
X0
(2X0 + 1)1/3
,
where we have assumed that the values of g and T are almost the same as those in V0. If this relation is continued
inside, X20 ≈ 0.1 and X150 ≈ 0.01 for almost all values of X0 > 1. This implies that δri ≪ δrc if i > 150. Therefore,
for the slices inside this radius, one may use Eq. (4) safely. The sum of the thicknesses corresponding to the slices
from i = 0 to i = 150 is
∆r0∼150 ≡
150∑
i=0
δri =
150∑
i=1
Xi
X0
× δr0 ≈ 1.34δr0
for X0 = 100. Therefore, we conclude that the thickness having nontrivialX is of O(δr0), which is negligible compared
to the radius of the star. Inside the thin layer from the star’s surface, the conventional EOS can be used to integrate
the balance equation. Therefore, the effect of the modified EOS on the structure of a star will be negligibly small.
III. SUMMARY AND DISCUSSION
We have examined whether or not a (local) conventional EOS obtained in theories without gravity is credible in
a physical situation with gravity. We have found that the conventional EOS is reliable as long as the weight of the
6box per unit area is much smaller than the average pressure. When one deals with an astrophysical object, one may
regard a macroscopic object as an assembly of many subsystems, each having a small enough size while containing
a statistically sufficient number of particles. Therefore, we can use the conventional EOS safely to integrate the
balance equation. Even though this is true for most astrophysical systems, exceptions for which the small size limit
of Eqs. (18) and (22) may not be applicable for various reasons are possible. For example, the size of a system can
be restricted to be larger than the size of its elements. If the element has a macroscopic size, the box should also
be chosen to be macroscopic however dense the elements are. Examples are a scalar dark matter model [20, 21] and
the case of a cosmic Hawking radiation [22, 23]. In these cases, the de Broglie wavelengths of the elements are long.
Because of the long wavelength, the quantum properties and self-gravity of the particles will be important.
This topic requires additional studies based on quantum theory. Another example is the case where the spacetime
curvature (or gravity) is extremely large around a region (or point) so that a statistically sufficient number of particles
should occupy the volume satisfying X & 1. Examples are as follows:
1. The (self-)gravity increases equally or faster than L−1 as the system size L decreases. This happens near the
surface of a star or during phase transitions in the theories of Palatini gravity [6, 8]. Even though the present
results are based on Newtonian gravity, they indicate the importance of gravitational corrections. If the precise
form of the EOS is to be determined, detailed additional analyses are necessary based on the corresponding
modified gravity theories.
2. The gravity just above the event horizon of a black hole diverges2 to a locally static observer. In this case, the
small size limit may not be applicable however small the system is. A non-negligible effect will be present on
the EOS of matter around there. A general relativistic treatment is required.
For case 1, the origin of the pressure difference could be the self gravity, which is non-negligible compared to the
background gravity. Therefore, knowledge of how to deal with the self-gravity effect is important.
With respect to an observer who cognizes only the directions orthogonal to the gravity, the new EOS, Eq. (22),
presents an interesting gravity effect. One may rewrite Eq. (22) as
P¯ (x) = σ5/3(x)K¯(
gσ(x)
2P¯ (x)
); K¯(y) =
K(y)
(2L)5/3
, (26)
where σ ≡ M/A is the surface mass density, x represents the coordinates for the orthogonal directions, and P¯ plays
the role of the pressure along the orthogonal directions. Explicitly, if an observer lives on a brane world and particles
are restricted to remain in a narrow region around the brane due to gravity, the EOS on the brane takes the form of
Eq. (26).
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